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Abstract 

Cross-couplings between a massless spin-two field (described in the 
free limit by the Pauli-Fierz action) and an Abelian three-form gauge 
field in D = 11 are investigated in the framework of the deformation the- 
ory bcised on local BRST cohomology. These consistent interactions are 
obtained on the grounds of smoothness in the coupling constant, local- 
ity, Lorentz covariance, Poincare invariance, and the presence of at most 
two derivatives in the interacting Lagrangian. Our results confirm the 
uniqueness of the eleven-dimensional interactions between a graviton and 
a three-form prescribed by General Relativity. 

PACS number: ll.lO.Ef 



5 ! 1 Introduction 

ON 

' A key point in the development of the BRST formalism was its cohomological 

understanding, which allowed, among others, a useful investigation of many in- 
k> I teresting aspects related to the perturbative renormalization problem [I]-[5], the 

}_( ' anomaly-tracking mechanism [5]-|10|. the simultaneous study of local and rigid 

invariances of a given theory [llj as well as the reformulation of the construction 
of consistent interactions in gauge theories [T2-[Ilj in terms of the deformation 
theory [T7]-[3T] or, actually, in terms of the deformation of the solution to the 
master equation. The impossibility of cross-interactions among several Einstein 
(Weyl) gravitons, see Ref. ^ (or respectively Ref. ^^), and of cross-couplings 
among different Einstein gravitons in the presence of matter fields [22l [24]-[27] 
has recently been shown by means of cohomological arguments. In the same 
context the uniqueness oi D = 4, N = 1 supergravity was proved in Ref. [55]. 
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On the other hand, D = 11, = 1 supergravity [551 [30] has regained a 
central role with the advent of M-thcory, whose QFT (local) limit it is. Of 
the many special properties of-D = ll,A^ = l supergravity, one of the most 
striking is that it forbids a cosmological term. The proof of this result has been 
done in Ref. [3T] using a combined technique — the standard Noether current 
method and a cohomological approach. It is known that the field content of 
D = 11, TV = 1 supergravity is quite simple; it comprises a graviton, a massless 
Majorana spin-3/2 field, and a three-form gauge field. The analysis of all possi- 
ble interactions in = 11 related to this field content necessitates the study of 
cross-couplings involving each pair of these sorts of fields and then the construc- 
tion of simultaneous interactions among all the three types of fields. One of the 
most efficient and meanwhile elegant approaches to the problem of constructing 
consistent interactions in gauge field theorie^ is that based on the deformation 
technique [17] combined with local BRST cohomology [3ll [33] . This approach 
relies on computing the deformations of the solution to the master equation for 
the interacting theory with the help of the 'free' BRST cohomology. Our main 
aim is to construct all consistent interactions in I? = 11 that can be added to a 
free theory describing a Pauli-Fierz graviton, a massless Rarita-Schwinger grav- 
itino, and an Abelian three-form gauge field from the deformation of the 'free' 
solution to the master equation such that the interactions satisfy some general 
and quite natural assumptions (smoothness in the coupling constant, locality, 
Lorentz covariance, Poincare invariance, and preservation of the differential or- 
der of the free field equations at the level of the coupled theory). One of the 
final outcomes of this procedure will be the quest for the uniqueness of 13 — 11, 
A'' = 1 SUGRA. In order to organize the results as logical as possible, to ex- 
pose in detail the cohomological aspects involved, and (last but not least) make 
various comments on and comparisons with other results from the literature we 
chose to split our work into four main parts. The first three are dedicated to the 
construction of consistent interactions that involve only two of the three types 
of fields under considerations: i) a graviton and a three- form (present paper); 
ii) a three- form and massless gravitini [34 ; iii) massless gravitini and a gravi- 
ton The fourth and last part |36j will put the things together and present 
what happens when all these fields are present: what new vertices appear, how 
consistent are those obtained from the previous steps, and how does the overall 
coupled theory looks like. 

In this work we implement the first of the four steps explained in the above, 
namely we analyze the cross-couplings between a massless spin-two field (de- 
scribed in the free limit by the Pauli-Fierz action [371 [3H]) and an Abelian 
three-form gauge field in eleven spacetime dimensions. The cross-interactions 
are obtained under the hypotheses of smoothness of the interactions in the 
coupling constant, locality, Poincare invariance, Lorentz covariance, and the 
presence of at most two derivatives in the Lagrangian of the interacting the- 
ory (the same number of derivatives like in the free Lagrangian). Our results 

^By 'consistent' we mean that the interacting theory preserves both the field content and 
the number of independent gauge symmetries of the free one. 
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are obtained in the context of the deformation of the solution to the master 
equation. 

We compute the interaction terms to order two in the couphng constant. 
In this way we obtain that the first two orders of the interacting Lagrangian 
resulting from our setting originate in the development of the full interacting 
Lagrangian (in eleven spacetime dimensions) 

where the cross-coupling part reads as 

with g = det g^^, A the cosmological constant, A the coupling constant, and q an 
arbitrary, real constant. Consequently, we show the uniqueness of interactions 
described by C. The above interacting Lagrangian for A = is a part of 13 = 11, 
A'' = 1 SUGRA Lagrangian. We note that the graviton sector is allowed at this 
stage to include a cosmological term, unlike D = 11, A^ = 1 SUGRA. This is not 
a surprise since it is the simultaneous presence of all fields (supplemented with 
massless gravitini) that ensures the annihilation of the cosmological constant, 
as it will be made clear in Ref. 36 . 

This paper is organized in six sections. In section [2] we construct the BRST 
symmetry of the free model, consisting in a Pauli-Fierz and an Abelian three- 
form gauge field. Section [3] briefly addresses the deformation procedure based 
on BRST symmetry. In section |4] we compute the first two orders of the interac- 
tions between the massless spin-two field and an Abelian three-form gauge field. 
Section [5] is devoted to analyzing the deformed theory obtained in the previous 
section. In this context we obtain a possible candidate that describes the inter- 
acting theory to all orders in the coupling constant. Section[n]is dedicated to the 
investigation of the uniqueness of interactions described by the candidate em- 
phasized in the previous section. The last section exposes the main conclusions 
on this paper. 



2 Free model: Lagrangian formulation and BRST 
symmetry 

Our starting point is represented by a free Lagrangian action, written as the sum 
between the linearized Hilbert-Einstein action (also known as the Pauli-Fierz 
action) and the action for an Abelian three-form gauge field in eleven spacetime 
dimensions 

.11. ^ 1 



{d,h) (dJi'^P) + i {d,h) {d^h) -l-^F,^p^FP'^P>^' 
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^ Jd''.{C^ + C^). (1) 

Throughout the paper we work with the flat metric of 'mostly minus' signature, 
(Tp^ = (H — ■••—)■ In the above h denotes the trace of the Pauli-Fierz field, 
h ~ a^ijh'^"', and F^j^pA denotes the field-strength of the three- form gauge field 
{F^^pX = dy^Aj^px^). The notation . . .v] (respectively (/i . . . ^)) signifies anti- 
symmetry (respectively symmetry) with respect to all indices between brackets 
without normalization factors (i.e., the independent terms appear only once and 
are not multiplied by overall numerical factors). The theory described by action 
((!]) possesses an Abelian generating set of gauge transformations 

Se,ehp.i, = d(^f^e^-), 5e,eApyp = d[p£up], (2) 

where the gauge parameters e^^ = {e^, £p^} are bosonic functions, with the last 
set completely antisymmetric. We observe that if in ^ we make the transfor- 
mations 

£pu ^ £|fj = d[pO^T^, (3) 
then the gauge variation of the three-form identically vanishes 

6^wAp^p = Q. (4) 

Moreover, if in ([3]) we perform the changes 

= d,<i^, (5) 

with (j) an arbitrary scalar field, then the transformed gauge parameters from 
([3]) identically vanish 

4. ^=0. (6) 

Meanwhile, there is no nonvanishing local transformation of (p that annihilates 
O^p^ of the form ([5]) , and hence no further local reducibility identity. All these 
allow us to conclude that the generating set of gauge transformations given 
in ([2]) is off-shell, second-stage reducible. It is obvious that the accompanying 
gauge algebra is Abelian. 

In order to construct the BRST symmetry for ([1]) we introduce the field, 
ghost, and antifield spectra 

= {hp^.Ap^p) , <i>f^ = (/^*^^ A*'-''") (7) 

if'^{v,,Cp.), ri*^^(rj*^^C*n. (8) 

V^^ = {C,), vh-iC*n, (9) 

v^^ = {c), vh = ic*). (10) 

The fermionic ghosts rj^^ respectively correspond to the bosonic gauge parame- 
ters e^^ from ([2]), the bosonic ghosts for ghosts rj^' are associated with the first- 
stage reducibility parameters 9p in ([3]), while the fermionic ghost for ghost for 
ghost is present due to the second-stage reducibility parameter <j) from 
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The star variables represent the antifields of the corresponding fields/ghosts. 
Their Grassmann parities are obtained via the standard rule of the BRST 
method e (xr) = (x^) + l) ^od 2, where we employed the notations 

^{^^°,V^\V^\V^'), XT ^ {'^>ro'VT„vh^vh) ■ (11) 

Since both the gauge generators and the reducibility functions for this model 
are field- independent, it follows that the BRST differential s reduces to 

s = 5 + 7, (12) 

where 6 is the Koszul-Tate differential and 7 denotes the exterior longitudinal 
derivative. The Koszul-Tate differential is graded in terms of the antighost 
number (agh, agh (S) = —1, agh (7) = 0) and enforces a resolution of the algebra 
of smooth functions defined on the stationary surface of field equations for action 
Q, C°° (E), E : SS^/S^"» ^ 0. The exterior longitudinal derivative is graded 
in terms of the pure ghost number (pgh, pgh (7) = 1, pgh ((5) = 0) and is 
correlated with the original gauge symmetry via its cohomology in pure ghost 
number zero computed in C°° (E), which is isomorphic to the algebra of physical 
observables for this free theory. These two degrees of the generators ((7|)- ((T0)) 
from the BRST complex are valued as 

pgh($ro)^0, pghir,^") ^k, (13) 

pgh($fj=0, pgh(r,*J=0, (14) 

agh ($ro) = 0, agh (ry^") = 0, (15) 

agh($*J = l, agh(ry^J =fc-f 1, (16) 

for fc = 1, 3. The actions of the differentials 6 and 7 on the generators from the 
BRST complex are given by 

dh*'"' = 2//'"^, 6A*^"'P = Ld^F^^'^p^^ (17) 

5?7*^ = -2a^/^*'^^ ,5(7*^'' = -3dpA*'"'P, (18) 

SC*" = -29^C*^^ SC* = -df.C*", Sx^ = 0, (19) 

7Xr = 0, 7/1,,^ = 9(^7?,,), jA^^^p = difj,Ct,p], (20) 

7?7m-0, 7^^. =<9[^a], -fCp=dpC, 7C = 0. (21) 

In the above H^^" = K'^" - ^a'^'^K is the hnearized Einstein tensor, with K'^'' 
and K the linearized Ricci tensor and respectively the linearized scalar curva- 
ture, both obtained from the linearized Riemann tensor K^^ap — 59[^/ii/][a,/3] 
via its trace and respectively double trace: = cr'^^ K ^^^p and respectively 

The BRST differential is known to have a canonical action in a structure 
named antibracket and denoted by the symbol (, ) (s- = (•,5')), which is obtained 
by considering the fields/ghosts respectively conjugated to the corresponding 
antifields. The generator of the BRST symmetry is a bosonic functional of ghost 
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number zero, which is solution to the classical master equation {S, S) = 0. The 
full solution to the master equation for the free model under study reads as 

(22) 

The solution to the master equation encodes all the information on the gauge 
structure of a given theory. 

3 Deformation of the solution to the master equa- 
tion: a brief review 

We begin with a "free" gauge theory, described by a Lagrangian action 5q [<I''"°] , 

invariant under some gauge transformations ^e^'"'^ — Z'"p^e'"\ i.e. j§r^Z^Yi ~ 
0, and consider the problem of constructing consistent interactions among the 
fields such that the couplings preserve the field spectrum and the original 
number of gauge symmetries. This matter is addressed by means of reformulat- 
ing the problem of constructing consistent interactions as a deformation problem 
of the solution to the master equation corresponding to the "free" theory [17]. 
Such a reformulation is possible due to the fact that the solution to the master 
equation contains all the information on the gauge structure of the theory. If 
an interacting gauge theory can be consistently constructed, then the solution 
S to the master equation associated with the "free" theory, (S", S) = 0, can be 
deformed into a solution S 

2 c I ^ c I \ I I \2 / jD 



S^S + XSi+ YS2 + • • • = 5 + A J d^xa + X-" J d''xb+ ■■■ (23) 

of the master equation for the deformed theory 

(5, S) = 0, (24) 

such that both the ghost and antifield spectra of the initial theory are preserved. 
Equation (|24[) splits, according to the various orders in the coupling constant 
(deformation parameter) A, into a tower of equations: 

{S,S) = (25) 

2{Si,S) = (26) 

2{S2,S) + {Si,Si) = (27) 

(53,5) + (5i,52) = (28) 



Equation (j25[) is fulfilled by hypothesis. The next equation requires that 
the first-order deformation of the solution to the master equation, 5i, is a co- 
cycle of the "free" BRST differential s, sSi = 0. However, only cohomologically 
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nontrivial solutions to should be taken into account, since the BRST-exact 
ones can be eliminated by some (in general nonlinear) field redefinitions. This 
means that 5*1 pertains to the ghost number zero cohomological space of s, 
(s), which is generically nonempty because it is isomorphic to the space of 
physical observables of the "free" theory. It has been shown (by of the triviality 
of the antibracket map in the cohomology of the BRST differential) that there 
are no obstructions in finding solutions to the remaining equations, namely 
(|?7|) - (P5)) . etc. However, the resulting interactions may be nonlocal and there 
might even appear obstructions if one insists on their locality. The analysis of 
these obstructions can be done with the help of cohomological techniques. 

4 Consistent interactions between the Pauli-Fierz 
field and an Abelian three-form gauge field 

4.1 Standard material: basic cohomologies 

The aim of this section is to investigate the cross-couplings that can be intro- 
duced between a Pauli-Fierz field and an Abelian three-form gauge field. This 
matter is addressed in the context of the antificld-BRST deformation proce- 
dure described in the above and relies on computing the solutions to equations 
1261) -([281), etc., with the help of the BRST cohomology of the free theory. The 
interactions are obtained under the following (reasonable) assumptions: smooth- 
ness in the deformation parameter, locality, Lorentz covariance, Poincare invari- 
ance, and the presence of at most two derivatives in the interacting Lagrangian. 
'Smoothness in the deformation parameter' refers to the fact that the deformed 
solution to the master equation, (|23p . is smooth in the coupling constant A and 
reduces to the original solution, (P^ . in the free limit A = 0. The requirement 
on the interacting theory to be Poincare invariant means that one does not allow 
an explicit dependence on the spacetime coordinates into the deformed solution 
to the master equation. The requirement concerning the maximum number of 
derivatives allowed to enter the interacting Lagrangian is frequently imposed in 
the literature at the level of interacting theories; for instance, see the case of 
cross-interactions for a collection of Pauli-Fierz fields, Ref. [22] j the couplings 
between the Pauli-Fierz and the massless Rarita-Schwinger fields, Ref. [25j, or 
the direct cross- interactions for a collection of Weyl gravitons, Ref. [23] . Equa- 
tion (|26p . which we have seen that controls the first-order deformation, takes 
the local form 

sa = a^m^, gh (a) = 0, e (a) = 0, (29) 

for some local m^, and it shows that the nonintegrated density of the first- 
order deformation pertains to the local cohomology of the free BRST differential 
in ghost number zero, a G i^ld), where d denotes the exterior spacetime 
differential. The solution to (|29p is unique up to s-exact pieces plus divergences 

a^a + sb + (30) 
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with gh(6) = —1, e {b) = 1, gh(n^) — 0, and e {n'^) — 0. At the same time, 
if the general solution of (|29|) is found to be completely trivial, a = sb + d^n^, 
then it can be made to vanish a ~Q. 

In order to analyze equation (I29p . we develop a according to the antighost 
number 

I 

a = ^ai, agh(ai) = i, gh(aj) = 0, £ (oj) = 0, (31) 

and assume, without loss of generality, that decomposition PT|) stops at some 
finite value of /. This can be shown for instance like in Appendix A of Ref. [H] . 
Replacing decomposition PT|) into and projecting it on the various values 
of the antighost number by means of p2p , we obtain the tower of equations 

(If 

lai = df^m , (32) 



Sai + jai-i = df^ m , (33) 
{i-if 

Stti + 7ai_i = dfj, m , l<i<-^— 1, (34) 



where I m I are some local currents, with agh I m 1 = i. Moreover, 

according to the general result from Ref. [22 in the absence of collection indices, 
equation (j32p can be replaced in strictly positive antighost numbers by 

70/ = 0, / > 0. (35) 

Due to the second-order nilpotency of 7 (7^ — 0), the solution to ([35|) is unique 
up to 7-exact contributions 

ai-^ai+jbi, agh (5/) = /, pgh(67)=/-l, e{bi) = l. (36) 

Meanwhile, if it turns out that a/ reduces to 7-exact terms only, a/ — jbi, then 
it can be made to vanish, a/ — 0. In other words, the nontriviality of the first- 
order deformation a is translated at its highest antighost number component 
into the requirement that a/ € (7), where (7) denotes the cohomology 
of the exterior longitudinal derivative 7 in pure ghost number equal to I. So, 
in order to solve equation ([29)1 (equivalent with ((35l) and ((33)) - (l34)) ). we need to 
compute the cohomology of 7, (7), and, as it will be made clear below, also 
the local cohomology of 6, H {6\d). 

Using the results on the cohomology of 7 in the Pauli-Fierz sector [52] as 
well as definitions (PO)) and (PT|) , we can state that H (7) is generated on the one 
hand by Xp) F(j.iyp\j ^ind K^^ai3, together with their spacetime derivatives and, 
on the other hand, by the undifferentiated ghost for ghost for ghost C as well 
by the ghosts 77^ and their first-order derivatives So, the most general 

(and nontrivial) solution to (|35p can be written, up to 7-exact contributions, as 
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where the notation /([<?]) means that / depends on q and its derivatives up to a 
finite order, while uo^ denotes the elements of a basis in the space of polynomials 
with pure ghost number / in the corresponding ghost for ghost for ghost, Pauli- 
Fierz ghosts and their antisymmetrized first-order derivatives. The objects a/ 
(obviously nontrivial in H'^ (7)) were taken to have a finite antighost number 
and a bounded number of derivatives, and therefore they are polynomials in 
the antifields xfi the linearized Riemann tensor K^j^^af) and in the field- 
strength of the three-form F^^p\ as well as in their subsequent derivatives. 
They are required to fulfill the property agh(a/) = / in order to ensure that 
the ghost number of a/ is equal to zero. Due to their 7-closeness, 70;/ — 0, 
and to their polynomial character, a/ will be called invariant polynomials. In 
antighost number equal to zero the invariant polynomials are polynomials in 
the linearized Riemann tensor, in the field-strength of the Abelian three-form, 
and in their derivatives. 

Inserting ([37]) in ((33|) . we obtain that a necessary (but not sufficient) condi- 
tion for the existence of (nontrivial) solutions a/_i is that the invariant polyno- 
mials ai are (nontrivial) objects from the local cohomology of the Koszul-Tate 
differential H {5\d) in antighost number / > and in pure ghost number zero, 

6ai = d^ J , agh J =/-!, pgh j U 0. (38) 



We recall that the local cohomology H {S\d) is completely trivial in both strictly 
positive antighost and pure ghost numbers (for instance, see Theorem 5.4 from 
Ref. [31] and also Ref. i33J). Using the fact that the Cauchy order of the free 
theory under study is equal to four, the general results from Refs. [311 133] . 
according to which the local cohomology of the Koszul-Tate differential in pure 
ghost number zero is trivial in antighost numbers strictly greater than its Cauchy 
order, ensure that 

Hj {5\d) =0, J > 4, (39) 

where Hj {6\d) denotes the local cohomology of the Koszul-Tate differential in 
antighost number J and in pure ghost number zero. It can be shown that 
any invariant polynomial that is trivial in Hj {S\d) with J > 4 can be taken 
to be trivial also in H™^ (<5|d). (^f™^ (f^M) denotes the invariant characteristic 
cohomology in antighost number J — the local cohomology of the Koszul-Tate 
differential in the space of invariant polynomials.) Thus: 

(J)^ \ (J)^ 

a J = Sbj+i +df,'c , agh (aj) = J > 4 j ^ aj = (5/3j+i + 9^ 7 , (40) 

with both Pj+i and 7 invariant polynomials. Results p9]) and (|40]) yield the 
conclusion that 

Hr m = 0, J > 4. (41) 

By proceeding in the same manner like in Refs. [22] and [39] , it can be proved 
that the spaces {Hj ((5|d))^>2 and (^M)),7>2 ^re spanned by 

H4{S\d),Hr{S\d): (C*), (42) 
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Hs{6\d),Hr{5\d): {C*n, (43) 
H2 iS\d) , Hr iS\d) : (^7*^^ 7^*n . (44) 

In contrast to the groups {Hj {6\d))jy2 ^-nd (-ff"™ ('^M)) 7>2i which are finite- 
dimensional, the cohomology Hi {S\d) in pure ghost number zero, known to 
be related to global symmetries and ordinary conservation laws, is infinite- 
dimensional since the theory is free. Fortunately, it will not be needed in the 
sequel. 

The previous results on H {d\d) and H™^ (<^M) in strictly positive antighost 
numbers are important because they control the obstructions to removing the 
antifields from the first-order deformation. Based on formulas (|39p - (|4T|) . one can 
successively eliminate all the pieces of antighost number strictly greater than 
four from the nonintegrated density of the first-order deformation by adding only 
trivial terms. Consequently, one can take (without loss of nontrivial objects) 
/ < 4 into the decomposition (pij) . (The proof of this statement can be realized 
like in Appendix C from Ref. [40].) In addition, the last representative reads as 
in (j37p . where the invariant polynomial is necessarily a nontrivial object from 
(i?}"^ ('^M))2</<4 fro™ ^1 ('^M) for = 1- 

4.2 First-order deformation 

Assuming I — A, the nonintegrated density of the first-order deformation, pip , 
becomes 

h.A _ h,A I h,A , h,A , h,A , h,A 



a ' —0,0 + a-^ + CL2 ' '^s 



. (45) 



We can further decompose a in a natural manner as 

a^'A -a'^ + a'^-A + a^, (46) 

where contains only fields/ghosts/antifields from the Pauli-Fierz sector, a^~^ 
describes the cross-interactions between the two theories (so it effectively mixes 
both sectors), and involves only the three- form gauge field sector. The 
component is completely known 22J and individually satisfies an equation of 
the type ip^]). It admits a decomposition similar to 



= ah ^ _^ (47) 



where 



1 

h*''" {{dpT^n - v'^d^^K^p) , (49) 
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and Op is the cubic vertex of the Einstein-Hilbert Lagrangian plus a cosmological 
ternfl 

with A the cosmological constant. Due to the fact that a^~^ and contain 
different sorts of fields, it follows that they are subject to two separate equations 



sa 



= 9^m^, (50) 
sflh-A ^ a^mJj-A, (51) 

for some local m^'s. In the sequel we analyze the general solutions to these 
equations. The nontrivial solution to ([50)1 is 

where q is an arbitrary, real constant (for more details, see Ref. j41i ). In the 
sequel we analyze the general solution to equation (|5ip . 

In agreement with (|45|) . we can assume that the solution to (jSTjl stops at 
antighost number four (/ = 4) 

h— A h-A I h-A I h-A , h— A , h— A /coX 

a = Oq + a^ + a2 + a.^ + a^ , [bS) 

where the components on the right-hand side of (|53p are subject to equations 
([55]) and for 1 — 4. Because is of the type fC* (/ is an arbitrary 

constant) and a;"'(C, ry^, 9[^r/j,]) is spanned by 

Vi^ id[uVp]) id[aVm) i^h^s]) , {d[pV^]) id[pVx]) (9[„r/^]) {d[^rjs])} , (54) 
we must take 04"^ = because in D = 11 there is no Lorentz scalar constructed 



as a linear combination of the elements present in ([54|) . 

The next possible maximum value of the antighost number appearing in 
a'l-A is / = 3 

h— A h-A I h-A I h-A , h— A 



where the terms from development (|55p satisfy equations ([351) and ([33|) ~([34 |) for 
1 — 3. According to the general results established in the above, the general 
solution to ([55]) for / = 3 reads as 

+.frv,V.Vp + f!:""^''' {d[,V.]) {d[c.m) {9[-,m)] ■ (56) 



■^The terms ai^ and given in l|48| l and ||49|I differ from the corresponding ones in Ref. [22] 
by a 7-exact and respectively a (5-exact contribution. However, the difference between our 
and the corresponding sum from Ref. |22l is a s-exact modulo d quantity. Conse- 
quently, the associated component of antighost number 0, ajj, is nevertheless the same in both 
formulations. Thus, the object and the first-order deformation from Ref. I22| belong to the 
same cohomological class from {s\d). 
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All the coefficients denoted by / must be constant (neither derivative nor de- 
pending on the spacetime coordinates). Recalling that we work in I? — 11 
spacetime dimensions, we have no such constant Lorentz tensors, so aJj"^ must 
vanish. 

Assuming now that a'^^^ stops at / = 2, we have that the solution to (|5ip 
reduces to 

where the pieces present in (1571) are subject to equations ([55]) and for 
1 — 2. The general solution to ((35)) (up to 7-exact contributions) can be written 
in £) = 11 as 



a^A 



C*^" [ciV^V. + C2 {di^Vp]) di.rj^]aP^] , (58) 



where ci and C2 are arbitrary, real constants. Using definitions (jl7|) - (|2ip we 
infer that 



h-A 
2 



Comparing ([55)) for 1 = 2 with the right-hand side of (|59)) , we observe that a: 
of the form (|58)) leads to a consistent a^~^ if and only if 

- 3ciA*'^''''r;^9[,r;^] = 7/1 9^t^ (60) 



By taking the Euler-Lagrange derivative of both sides of (|60)) with respect to 
^*/ii/p g^j^^ recalling that it commutes with 7, we arrive at 

- 3ci77^9[^77p] = 7 (/o^^p) , (61) 

where 

Since Tjfj^d^^rjp-^ is a nontrivial object from H (7), it results that the left-hand side 



of ()6ip is 7-exact if and only if ci = 0. Therefore, the only consistent solution 
to (|35)) at antighost number two is 



ah-A ^ csC*^"- (9[,,r;,]) 9[,?7;,]r7''\ (62) 



Inserting (|62)) in (|33| for / = 2, we derive 

aJ-A ^ _3c2A*^'''' (5[^rfo]) -I- a\'^, (63) 

where a'j'"'^ represents the general solution to equation (|35)) for / = 1. According 
to ()37p in pure ghost number equal to one, it results that the most general form of 
a\~^ as solution to (|35)) for / = 1 that might provide effective cross-interactions 
can be written like 

-h-A ^ ^*p.p {^M^^r^^ + M^Si^ry^] ) + h*>^^ {M^.r^x + M;,^a[„ry^] ) , (64) 
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where the M-hke functions may depend on linearized Riemann tensor, on the 
field-strength of the Abelian three- form as well as on their spacetime derivatives 
and satisfy obvious symmetry/ antisymmetry properties. Using the definitions 
of S and 7, after some computations we obtain that 



Sa 



where we used the notations 



h-A _ Q 



■^|^ 
Ji 



2 



(65) 



(66) 



1 -A - A - A 



dlpKt) {d[ph,]p) 



(67) 



Co 



4! 
1 



ppupX 



pauP 



ipavp _ 



(1) 

r aq/3 



,(68) 



(69) 



(70) 



According to for / = 1, ([57)1 gives (up to a global factor) some of the pieces 
from the interacting Lagrangian at order one in the coupling constant. The 
hypothesis on the maximum number of derivatives in the interacting Lagrangian 
being equal to two induces further restrictions on the type-M functions, as it will 
be seen bellow. The first term from ((67|) outputs an interacting vertex with three 
derivatives, which disagrees with this hypothesis. Therefore, we must annihilate 
the corresponding constant, C2 = 0. In order to provide cross-couplings, the 
functions and M^j, must effectively depend on the field-strength of the 

Abelian three-form. Consequently, the last two terms on the right-hand side 
of (|67p will produce terms with at least three derivatives in the interacting 
Lagrangian, so we must discard them by setting M^^ — 0- If we represent the 
functions M^^^ as 



pu 



/•Aa/37<5p 
J pu J^afS-yd, 
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where f^"^^^ are nonderivative Lorentz constants, we conclude that we have no 
such constant tensors in D = 11, so we must take M^j^ = 0. The pieces from 
(p7|) proportional with Af^^^ satisfy the assumption on the derivative order if 
and only if these functions arc nonderivative Lorentz constants. Since in D = 11 
there are no such constant tensors, we conclude that we must take Af^^^ = 0. 
Finally, the functions M^^p produce terms in the interacting Lagrangian that 
comply with the hypothesis on the maximum number of derivatives if and only 
if they are linear in the undifferentiated field-strength of the Abelian three-form. 
Due to the spacetime dimension, there is just one possibility left, namely 



where k is an arbitrary, real constant. 

Inserting the above results in and ([M)) . we infer 



(71) 



,h-A 



,h-A 



0, 



(72) 
(73) 



Applying now the Koszul-Tate operator S on (j73p . we determine the interacting 
Lagrangian at order one in the coupling constant as 



,h-A 



12 



(74) 



By assembling the previous results we can state that the general solution to ([ST 
in _D = 11 reads as 



h-A 



A 



k 

12 



1 



-F, 



(75) 



We can still remove from (|75p certain trivial, s-exact modulo d terms. Indeed, 
we have that 



,h-A 



--F'^'P^A^p^hl + 3kA*'"'P {A, 



__^*M.p^^^^^A _ j.^*p. ^^^^^^p ^ ^^^f^X^ 

+kC*^ (c^.Tj" - Ichp,] - kC*C\ 



1 



3k 



_A*^-P ( -rj'dxAp^p + Ap,'d[pvx] - hpxd^C,,, - C^a9[>; 



{dpc^,)v'' + c/d[,vp] + h.pdpc^ 



1 



CPd,„h 



[fi'>'v\p 
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-^C*^ (277,9'' + Cdi^Tj,] ~ K.d^C) - kC* {^^'C) r^^. (76) 

Since Si is unique up to s-exact modulo d terms (see subsection 14. ip , we can 
remove such terms and work, instead of ([75|l . with 



12 



.upX 



Sfr / 2 \ 



-kC 



--C*^ {27j,d''C^ + Cdi^rj,] ~~ hp.d^'C) ~ kC* [d^C) v^. (77) 

The above results can be summarized by the conclusion that the 'interacting' 
part of the first-order deformation of the solution to the master equation can 
be written as 

S',''-^ = I (fli^-A + a^) , (78) 
where a^~^ is given in ([77]) and Oq is expressed by (f52|) . 



4.3 Second-order deformation 

Until now we have seen that the first-order deformation can be written like the 
sum between the Pauli-Ficrz component Si (given in detail in Ref. ^22j ) and 
the 'interacting' part S'^~'^, expressed by (jTS]) . 

In this section we investigate the consistency of the first-order deformation, 
described by equation ([27|) . Along the same line as before, we can write the 
second-order deformation like the sum between the Pauli-Ficrz contribution 
and the interacting part 

5^''^ ^S^ + S^r^. (79) 

The piece S2 can be deduced from Ref. [22] j while 5*2"^ is subject to the 
equation 

^{Si,Sit-^ + sSt^^O, (80) 

where 

(5i, Sif~^ = (5;*^-^, 5f -A) + 2 (5^ S'l''-^) . (81) 

If we denote by A''^'^ and b^^~^ the nonintcgrated densities of the functionals 
{Si, Si)^~^ and respectively ^'2"^, then the local form of (|5D|) becomes 

A''-^ = -2sb^~^ + (82) 

with 

gh(Ah-A)=i, gh(6'^-A)=0, gh(n^) = l, (83) 
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for some local currents n^. Direct computation shows that ^ decomposes 
like 



with 



Ah-A 

^3 



Ah-A 

^2 



A? 



h-A 



A 



h-A 



^A^-A, agh(Ah-A)=/, J = 0,4, 



(84) 



A^A = 7 [-k^C*h^,.rj^'d-'C + k{k + l) C*C^ (a[^?7.]) v"] + d^r^, (85) 



S [-k^C*h^,v^'d''C + k{k + l) C*^ (9[^?7,]) v"] 



+7 i ^C*^ 



I -2k 



+2k (d^C^) h-'Prjp - 2 (fc + 1) C^, (al^r?"!) rjp] } + d^r^, (86) 
1 - 2k 



6 i |c*'' 



~-C^ (/i^9[.r;p] + Kd[^^p{) +{k + l) (a[^/^p], + dy^hp^^) 
+2k {d^Cp) h^Pj^p - 2 (fc + 1) Cp, (Sl^ry^l) rjp] } 



+7 \ kC*"" 



--CPdp{h.xh^p)+kCfhtd[phx]p 



{ 

+ (/i^^a[^r?A] + hpxd^Pri^^) - kCpp (2rj^d[X] + M^'v^^) 
+k (dpCp,) rjxhP^ - (fc + 1) Ap^prjxd^Pj^^^] } + dpT^, (87) 

-\cPdp {Kxhl) + /cC''/i^a[^/iA]p + k {dpCp.) rjxhP^ 
k'l^ (dpCp) Kxh"^ + rjP + C.a 

- (fc + 1) A^^^r^AaV] } + l[\kA*i'-'' [Cp^dp {Kxh^^) 



6 i kC*'"'' 
+ 



1 _ ofr 

-2kCpxhid^^h^^] + -^—hp^h^^dxCp, 



(2d^^hf - a^-d^^hp^^) 



16 



-kA 



k{k + l) A*^-PF^,px ry^ + 9^rf , 



(88) 



and 

A|5^^ = 5 { ^kA*'"'P 



l-2k. 



+A^,,xVi i^d^^hf - a^^d[^hp]A + kAp^x ^V^d^ph^^ - K^d^^r^^^ 



2k 



8 



'ptii^pX 



-Ih^^h^^d.A^px - ^hxA^^'d^A^.p - kA^,^hld^^h{^ 

k k f 

--h^hd^A^px + -Af,,^hd^ph\^ 



3! 

Nh-A 



'0 



(89) 



Because (S'i,iS'i) ~ contains terms of maximum antighost number equal to 
four, we can assume (without loss of generality) that b^^^ stops at antighost 
number five 



Lh-A 



Y^b)-^, agh(6^A)=/, 7 = 0,5, 

5 

agh«) = /, 7 = 0:5. 



(90) 



(91) 



By projecting equation ([5^ on the various (decreasing) values of the antighost 
number, we infer the following tower of equations 



da 



5 ' 



(92) 
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A^^ = -2(<565;f + 76^^)+9^<, I = OA- (93) 
Equation (|92p can always be replaced with 

ib^-^ = 0. (94) 

If we compare (|85|) with (|93p for / = 4, then we find that 65^^ is restricted to 
fulfill the equation 

^6^^ + 764"^ = (95) 

where 

b^-^ = [-eC*h^.7j^^d''C + k{k + l) C*^' (^[^r;,]) r;"^] + 6^^. (96) 

By ((37|) we get that the solution to (|94p reads as 

= ad[F^.px] , [K^,^p] , [x*^])lo^ (C, 77^, ^[^ry,]) . (97) 

Substituting the above form of b^l^^ into ([95|) . we infer that a necessary condi- 
tion for ([95]) to possess solutions is that as belongs to {5\d). Since for the 
model under consideration we know that ffs {5\d) = and H™^ = 0, it 
follows that we can take 

b^-^ = 0, (98) 

such that equation ([95|) reduces to 7^4"^ = d^^iifl. The last equation can always 
be replaced (as it stands in a strictly positive value of the antighost number) 
with 7&4~^ — 0. The last equation was investigated in the previous subsection 
and was shown to possess only the trivial solution 

Vl-^ = 0. (99) 

Due to ([M)) and we observe that relations ([55)) - ([57)) agree with equation 
for / = 4, / = 3 and 1 = 2 respectively. On the contrary, A^~* given in 
cannot be written like in (IMl) for 1=1 unless 



X = -kik + l) A*^''PF^,px Vi, (100) 

can be expressed like 

X = S^ + -fu; + d^,l''-. (101) 

Assume that (jlOip holds. Then, by acting with S on it from the left, we infer 
that 

6x = j{-Sio)+d^{Sn. (102) 
On the other hand, using the concrete expression of x, we have that 



Sx = k{k + l)\j 



(103) 
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where 



1 (jaP 

~ 3! ''"P 2-4! 



(104) 



is the stress-energy tensor of the Abehan three-form gauge field. The right-hand 
side of (|103p can be written hke in the right-hand side of (|102p if the foUowing 
conditions are simuhaneously satisfied 



SI'' = k{k + l)T^r]^d^^ri^l 



(105) 
(106) 



Since none of the quantities h^^, d^^h)} , rj^, or d^-^rj^^ are (S-exact, we deduce that 
the last relations hold if stress-energy tensor of the Abelian three-form gauge 
field is (5-exact 

Tl" = Sni^. (107) 
Assuming that the equation (jl07p is valid, it further gives 



On the other hand, by direct computation wc find 



(108) 



(109) 



so the right-hand side of p09p cannot be written like in the right-hand side of 
(fTOS]) . Therefore, relation (fTOT]) is not vahd, and thus neither are (fT05ll - (fT06l) . 
As a consequence, x must vanish, which further implies 



fc(fc+ 1) 0. 



(110) 



The nontrivial solution to (|110p reads as (if we take k = 0, then no interactions 
occur) 

k = -l. (Ill) 



Replacing pTTj) in ^ (and making use of ^) and then in (glll-dlll)), we 
identify the components of the second-order deformation as 



,h-A 



(112) 



= -c* 

^ 2 



(113) 



.h-A 
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+ {dpC^,,)f]xhP^], (114) 



-h-A 



= -A 



Cp^d^ {Kxh^i) + -hp^h^^dxC^, + 2C^xhid^^h 
(^h^^d[pr]^] + hp^d^^Tj^^ + 2a^''7fd[pK]^ 



+Af,.xhpidi^V^^ - -h^^Tj^d^A^ 



(115) 



and 

,h-A 
"0 



_}_ptivpXp 
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3! 



'p"X 



_pti.vpX 



A^pxd^, {K^h^^) - h^^h^^ (^d.A^px + ^d^A,p)}j 



+3/if,. u, u, F, 



(116) 



Formulas ()112p - (lll6|) offer us the complete form of the interactmg part from 
the second-order deformation of the solution to the master equation 



S. 



h-A 



(117) 



With the help of (lllip . it results that takes the final form 



St 



h-A 



1 

V2' 



S^x\-—Fi"'P^ 



3dp [Ajypcrh'^) — Fpjypcrh'^ + —Fpupxh 



+\a*^'''' {^V^dxAp.p + Ajd^pi^^ - hpxd^Cp, - Cpxd^X]) 



[dpC^,) + C/dy^iip^ + KpdfCp + -CPd^pK^p 



+ (2r;,9''C^ + C"^a[^r^] - hp^d^C) + C* (9^C) 77^ 



(118) 



So far, we have completely determined the first- and second-order deformations 
of the solution to the master equation corresponding to the free model ([Ij . 
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5 Analysis of the deformed theory 



In Ref. [24] (Section 5) it has been shown that the local BRST cohomologies 
of the Pauli-Fierz model and respectively of the linearized version of vielbein 
formulation of spin-two field theory are isomorphic. Because the local BRST co- 
homology (in ghost numbers zero and one) controls the deformation procedure, 
it results that this isomorphism allows one to pass in a consistent manner from 
the Pauli-Fierz version to the linearized version of the vielbein formulation and 
conversely during the deformation procedure. Nevertheless, the linearized viel- 
bein formulation possesses more fields (the antisymmetric part of the linearized 
vielbein) and more gauge parameters (Lorentz parameters) than the Pauli-Fierz 
model, such that the switch from the former version to the latter is realized via 
the above mentioned isomorphism by imposing some partial gauge-fixing con- 
ditions, which come from the more general ones [42] 

In the context of the gauge- fixing conditions (|119p . simple computation leads 
to the vielbein fields and their inverse up to the second order in the coupling 
constant as 

'»> " + + - . . . - + '-^K'V + - . , (120) 



e 



(of , ,(1)" , ,2(2)° , ,a , ^,_a 

2 



A ^ + X'V ^ + ... = 6-^ + -h\ - -h%hP^ + ■■■. (121) 



The first pieces from the expansion of the metric tensor and of its determinant 
(y/g = ^jAetg^) in terms of the Pauli-Fierz field are written as 

(0) (1) , (2) 

gt^i^ = gt^'^ + Xgt^^ + X^gt^^ + . . . = c^^"' ~ Xh^"' + X^h'^hP'' + • • • , (122) 

(0) (1) (2) \ \2 

^ = e = ^ + X^+X^^+...^l + -h+-{h^-2h^,h^-')+--- , (123) 
where e — det e",,. 

Now, we have at hand all the ingredients required for the Lagrangian formu- 
lation of the deformed theory obtained in the previous section. The component 
of antighost number zero in S*]^^^ is precisely the interacting Lagrangian at 
order one in the coupling constant 

It can be put under the more suggestive form 

^ ^2~4!^ ^ ^ ^P'^P^l^Sg J" afj-fS 
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where 



(0)(^)A5(0) (0)(o)A5(l) N 



(0) (0) Ml 



(0) 

■ e 



A^ll (0) 



(0) 



(0) 



^11/^2/^3 -^M4---A'7 -^A'8---A'll ' (125) 



(OJ 

(I) 
A,, 



(0)" (0)" (0) 

e ,, e 



(0) 



(0) 



(1)" (0)" W 



(1) 
F 



(126) 
(127) 



In the first formula from equation (|126p Aabc is nothing but the original three- 
form gauge field (with flat indices). Along the same line, the piece of antighost 
number equal to zero from the second-order deformation furnishes us (up to a 
total derivative) with the interacting Lagrangian at order two in the coupling 
constant 



1 (0)^"(0)''^ 

9 9 



2-4! 



■(0) /(2)(0)'''^(0)^'^(°) 

{ V9 9 9 FapjS 
+4\/5 5 9 Fa0jS + 2^ g g F apyS 

(l)(l)P7(o)A5(0) (l)(g^p^(„^A5(l) 

+^V9 9 9 Fa0j5 + '2\/g 9 9 Fafi-ys 

(0)(^^P7(i)A5(0) (0) (i)PT((,)A5(l) \ 

+QV9 9 9 Fap-iS + Sy/gg g F af3-fS ] 



(0)(o)P7(o)A5(l) (1) 

+V99 9 F 



(0) 



ai 



( (l)(o) ''ii (0)(l) (OJ 



(0) 



Mio(O) 



p F 



(0) 



(0)_(0) 



(0) 



(0) 

2A 



(1) 



(1) ^i(O) 



(0) 

e 



(0) 



(0) 



Mii(O) 
A 

ail ^A'lP2A'3^ tn...H7 ^ 



With the help of ((l2l and (Il28|) we deduce that Z:^ + A/:^"^ + X^C^'^ 



comes from the expansion of the fully deformed Lagrangian 
where 



2 /^i^^^f^^P^^'^ ^ + Age' ^ ' ^^^/jip2Ai3-^/Li4.- A'7^P8 - Mii ' (129) 



(130) 
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(131) 
(132) 

The pieces from the deformed solution to the master equation that are lin- 
ear in the antifields ^*"^t produce the deformed gauge transformations of the 



Abelian three-form gauge field 



2 



(0) (1) 



(2) 

+ A ^ e,eAafi^ ^ 



(133) 

We recall that the initial three-form gauge field possesses flat indices, i.e. Aafi-^ 
means Aahc- The contributions of orders one and two to the above gauge trans- 



formations can be put under the form 



(0)" (0) 



^(f^ ''^1(0) ''(1) „ .T„.. 



(2) (1)'' (1) (2) Ai 

<^ €,sAabc = e d^Aabc + -4"[„j e -|- (i9ju£[a6) e J,] 

^l(l) "(1) „ 1(0) "(2) 

+ 2 ^ ™ /:t[a6^c] + 2 ^ ™ /i[a6^c] ' 



where we used the notations 



(0)^ 

e 

(0) 

(1) 

e ab 
(1) 

<^ /nab 
(2) 



(l)A 



a £6], 



(135) 

(136) 

(137) 

(138) 

(139) 
(140) 
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In formulas (|137p and (|138p the gauge parameters e ab and e ah are precisely 
the first two terms from the Lorentz parameters expressed in terms of the flat 
parameters via the partial gauge fixing (|II9p . Indeed, (|119p leads to 

('TMaebf) = 0, (141) 

where 

i<5,e/ = f^ape/ - Ca^d.-e^ + e^^e/. (142) 

Substituting (|120p together with the expansions 

(0)^ (1)^ / A \ 

e-'^^e- +A6- +...= + (143) 

and 

eab= e ab + \e ab + --- (144) 

in (fliTI) . we arrive precisely to p37)) ~ p38)) . In formulas p39)) and plO)) '^uj\ab 

(2) 

and a; ^ab represent the first- and respectively second-order approximation of 
the spin connection 

■b] Cc/^'-'i/e p 

A'w'^afc + A^'J^ah H • (145) 



,(1) , ^2(2) 



At this point it is easy to see that the deformed gauge transformations of the 
three-form gauge field (see formula (|133p ) come from the perturbative expansion 
of the full gauge transformations 

l^.Aabc = A [e'^d.Aabc + + (d.e^ab) + . (146) 

The gauge transformations of the three-form with curved indices are obtained 
with the help of (fH^ and pIS]) 

Se,iAf,„p = d[f,e^p] + A {e^dxApi^p + A„[p^dp]e'') , (147) 

where 

= e^'f.e^^eab- (148) 

We observe that (|147p describes a set of gauge transformations that remain 
off-shell, second-order reducible. Indeed, if we make the transformations 

Sp. ^ = d[p9,^, (149) 
then the gauge variation of the three-form identically vanishes 

S_(^s)Ap,p = 0. (150) 
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Moreover, if in (|149p we perform the changes 



0^ ^ ejf^ = 9^0, (151) 

with (j) an arbitrary scalar field, then the transformed gauge parameters (I149P 
identically vanish 




The results concerning the reducibility relations for the interacting theory can 
be read from the pieces that are simultaneously linear in the ghosts and in the 
antifields (with the antighost number equal to two or three from the deformed 
solution to the master equation). 

In conclusion, under the hypotheses mentioned at the beginning of subsec- 
tion 14.11 we obtained that a candidate to the Lagrangian responsible for the 
interactions between the spin- two field and a three- form gauge field in D = 11 
is described in (|129p and the deformed gauge transformations of the three-form 
are given by p47p . 



6 Uniqueness of interactions 

So far, we emphasized that there exists one candidate describing the consistent 
interactions between one graviton and an Abelian three-form gauge field, namely 

+Xqe^^^'^ ''^^yl^jp2^3_F'^^...^-,_F'^g...^jj , (153) 

in the context of the partial gauge-fixing (|14ip . So, the only point that remains 
to be done is to check that there are no other solutions. 

Let us denote by S the solution to the master equation for the theory with 
the standard Lagrangian p53p decomposed according to the power orders of 
the coupling constant A 

^ = 5*0 + A5i + X^S2 + X^Ss + X'^Si + ■■■ (154) 

and by S the fully deformed solution of the master equation associated with the 
free theory ([1]), consistent to all orders in the coupling constant 

S = S + XSi+ X^S2 + X^Ss + • • • , (155) 
such that they respectively fulfill the equations 

(S',S') = 0, (156) 
{S,S) = 0. (157) 

Until now we investigated S, Si, and S2 and proved that they coincide with the 
standard ones 

S ~ So, Si = Si, S2 — <S'2 (158) 
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in the presence of the partial gauge-fixing (|14ip . The question is how unique 
are S3, S4, etc. given (|155p . We will answer this question by showing that 
the interactions provided by our deformation procedure can always be brought 
to those prescribed by the usual rules from General Relativity via a suitable 
redefinition of the constants A, q, and A from (|153p . More precisely, we will 
prove that the fully deformed solution (|155p is nothing but (|154p up to the 
replacements 

A ^ A(l + fc«A2 + fc«A3 + fc«A4 + ---) , (159) 

1 I ;„(4) ,2 I l(4) x3 , 1,(4) a4 , 

A ^ A ^ + '^^/ +'^^/ +••• , (160) 

1 + fcf A2 + fcf A^ + 4^)a4 + ... 
' " 'l + fcWA2 + fc«A3 + fc«A4 + ...' 

with fcj™'' some arbitrary, real constants. 

Our starting point is that (|154p and (|155p respectively satisfy equations (|156p 
and (|157p together with relations (|158p . The projection of (|154p and (|155p on 
A^ emphasizes that S3 and respectively S3 are solutions to the equations 



SS3 



{Si,S2), s^3 = - (51,52). (162) 



Recalling (|158p and subtracting the latter equation in p62p from the former we 
obtain 

s (S3 - S3) = 0, (163) 



whose general solution, according to our results from subsection l4.2l fand to the 
second equality from (jlSSp ). reads as 

4 

S3-S3=J2ki"''^si"'\ (164) 

m— 1 

In the above ( fco™-* ) are arbitrary, real constants and ( 5|'™'' ) are the 

V / m=l,4 V /m=l,4 

independent components of the first-order deformation Si = Si (they individu- 
ally satisfy the equation sS["^^ — 0) 

5i = 5« + 5f ' -I- 5f ) -(- 5*^), (165) 

namely, s[^^ represents the first-order deformation of the solution to the master 
equation from the Pauli-Fierz sector containing the cubic vertex of the Einstein- 
Hilbert Lagrangian (see (jiT]) ). but not the cosmological term. Si denotes the 
interacting part of the first-order deformation (see ((77)) for fc = — 1), S'j;^' stands 
for the first-order deformation in the three- form sector (see ([52]) ). linear in q, 
and s[^^ means the first-order deformation from the Pauli-Fierz sector that does 
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not modify the gauge transformations of the graviton (the cosmological term, 
Hnear in the cosmological constant A) . By direct computation we find that the 
various antibrackets among read as 

{s['\s['^)^^2sSi'\ (^f\^f^)=0, {s['\s['^)^-sSi'\ (166) 
[s['\s['^)+2[s['\s['^)=-2sSi'\ [s['\s['^)=-sS!f\ (167) 
[S['\S['^) = {S['\S[''>) = {S['\S['^) ^ {si'Ksi'^) = 0, (168) 

where ( si™^] are the components of the second-order deformation of the 

V /m=l,4 

solution to the master equation 5*2 = 5*2 (see ([79|) and (|117p ). ^^S*!, = — 235*2, 
respectively induced by the decomposition (|165p 

52 = S^2^ + S^2^ + S^2^ + 5^^'. (169) 

Based on the concrete form of the various components from ()165p and (|169p . it 
can be shown that their antibrackets can be expressed as 

(^W,5^^)) = -sSi'\ {S['\S^^) + {S['\S^'^) = -.5f , (170) 

(5«,5f ) + (5«,5f)) + = -.5f , (171) 

{S['\si'^) + {Si'\si'^) + {Si'\si'^) + {S['\si'^) = ~sSi'\ (172) 

{S['\si'^) = {S['\si'^) = {S['\si'^) = {S['\si'^) = 0, (173) 

where ^53'"''^ are the components of the solution to the master equation 

for the theory with the standard Lagrangian (|153p of order three in the coupling 
constant, ^3, 

53 = 5«+5f +5f)+^f . (174) 

At the same time, the various terms from (jl65p . (jl69p . and (|174p check the 
individual equations 

(5«,5«)+2(5«,5(^))=-2.5«, (175) 

{S['\si'^) + {S['\si'^) + (5(^',5f ) = -sSi'\ (176) 

2 (5«, 5f )) + 2 (5f 5«) + 2 (^f \ 5^ ') 

+2 (5«,5(^)) + {Si'\si'^) ^ -2.5f , (177) 

+ {S['\SP) + {S^'\si'') + (^f ) = -.5f , (178) 
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where (S'i™'* ) represent the components of the solution to the master 

V ^ /m=l,4 

equation for the theory with the standard Lagrangian (|153p of order four in the 
couphng constant 

^4 = si^''+ 5f ^ + ^ + S!t^ , (179) 

i.e. 

25^4 + 2(^1,^3) + (^2,^2) -0. (180) 

The fourth-order deformation of the solution of the master equation associated 
with the free theory ([1]), S'4, is solution to the equation 

2.9^4 + 2 (51,^3) + (^2, 52) -0, (181) 

which results from p57p (with S developed as in (|155p ) projected on A''. Sub- 
tracting plO)l from (fTSTj) and employing (fT58)l and pM)) we obtain 

s (54 - ^4) = - {Si, Ss - 53) = - ( ^1, J2 kt^S["A . (182) 



m— 1 



Inserting p66l) - p68)) in p82)) . we further deduce 



s ( S4 — S4 



ouW oil) , f l(4) , ^(4) /, (2) , (3)\ A(3)- 

+ ffcf +4^))f5«,^rVfcf f^f\^r). (183) 



Taking into account the first relation from (|167p . it follows that the right-hand 

tg^-* and k^^ 



side of (|183p is s-exact if and only if the constants k^'' and fcg^^ from (|164p are 



equal 

fcf^fcW. (184) 

Substituting (|184p in (|164p we determine the general expression of the third- 
order deformation of the fully deformed solution (jl55p of the master equation 
associated with the free theory ([T]), ^3, in terms of some of the components of 
the solution to the master equation for the theory with the standard Lagrangian 
P53p under the form 

53 - ^3 + 4'^ {S['^ + S['^) + ) + fcf 5f ). (185) 

Based on the same result, namely (|184p . from (|183p we infer the equation sat- 
isfied by the fourth-order deformation ^4 

S*. - S*. - 2A-(^^ S*^^^ - 2A-(^^ 9^2^ - (k^^'^ + k^^^\ 9^^) 

04 "^4 3 2 3 2 I 3 3 / 2 

— (fcg + ^3 S'2 ' 

which, according to the general result from subsection l4.2l (see also the argument 
leading to (|164p ). possesses the solution 

s, = s, + 2ki'Usi'^ + si'A + (ki'^ + ki'As^,'^ 



= 0, (186) 
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(187) 

m— 1 

where (k^^) are some arbitrary, real constants. This ends the first step 

V /m=l,4 

of the uniqueness procedure. 

Next, we proceed hke we did in the above for S3 and S4, but in relation with 
5*4 and 6*5. Inserting expansions (|154p and p55p respectively into equations 
(|156[) and (|157p projected on A^, we find the equations satisfied by S5 and 6*5 
respectively under the form 

5^5 + (^1, ^4) + (52,^3) = 0, (188) 

s55+ (^1,54) + (^2,53) - 0. (189) 
If we subtract (|189p from p88p and recall (|158p , then we infer the equation 

S (^5 - ^5) = - (^1, 54 - 54) - (52, ^3 - ^3) . (190) 

By replacing (|185p and (|187p into the right-hand side of (|190p and by further 
calculating the resulting expression with the help of relations (|166p - (|168[) and 
P7D)) - P75)) . we arrive at 



(55 - ^5) 



91.(1) ^(1) /, (4) , A(4) /, (2) , (3)\ A(3) 



4 --^2 ^ \^"'4 ^ "^4 y ^2 ^ ^^"-4 ^ "'4 ^ ^2 

+fcf f^f\^f)). (191) 



The last equation demands that the right-hand side of (|19ip is s-exact. Due to 

f 2) 

the first equation from (|167p , this is attained if and only if the constants 
and fc^^-* are equal 

fcf =fcl'^ (192) 

Substituting (|192p back in (|187p and (|19ip respectively, on the one hand we 
deduce the general form of the fourth-order deformation of the fully deformed 
solution (|155p of the master equation associated with the free theory ([T]), S4, in 
terms of some of the components of the solution to the master equation for the 
theory with the standard Lagrangian (jl53p 

54 = 54 + 24^)(5f)-f5f)-K(4^)+fcf)^(^) + (fcf)+fc«)^(^' 

+ki'^ (5f ^ + + fcf 5f ) + fcf 5f ) (193) 

and on the other hand we output the equation that must be fulfilled by the 
fifth-order deformation S5 



5*5 S^ ^^3 ^ ^"^3 ^ ^ S^ ^^^3 ^ ^ ^3 "^3 
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\2h 



(1) 



(4)\ c(4) 



V4 



^^^^ - ( k 



,(1) 



>.(3)A o(3) 

ft- /I I (Jo 



0. 



(194) 



Using the same arguments like before it results that the general solution to the 
last equation reads as 



(3)^ ^(3) 



(2^3 ^ + ^3 ^) 



(4)^ _5.(4) 



2fc 



(1) Igw 



S. 



(2) 



S. 



(4) 



.(1) 



(3)^ ^(3) 



J^fcf^S^), (195) 



with I fc 



' some arbitrary, real constants. This completes the second 

m=l,4 

step of the uniqueness procedure. 

We reprise the procedure used previously for S'4 and 5*5, but in connection 
with ^5 and 5*6. In view of this, we project p56p and (|157p on A^, respectively, 
which provides the equations 

25^6 + 2(^1, 55) + 2 (52,^4) + (^3, 53) = 0, (196) 
2sS'6 + 2(^1, 55) +2(52,^4) + (53,^3) = 0, (197) 

and then subtract the above relations one from the other and employ (|158[) . 
obtaining 



2s 



^5*6 — 56^ — — 2 ^^i, 5*5 — 5*5^ — 2 ^5*2, S'4 — 5*4^ 
+ (^3,^3) - (S3, S3). 



(198) 



Replacing (fTM)) . and in the right-hand side of ([TOS)) and further 

computing its expression by means of relations (|166p - (|168p . (|170p - (|173p . and 
(|175p - (|178p . we reach the equation 



2s 



^Sg — Sg j 



(1) 



%k),' s, 



s. 



f)+2( 



(1) 



2 3fc. 



(1) 



(4)\ 5(4) 



fcr^ s. 



(1) ( 5W 



QkY> S. 



(3)^ 5(3) 



(2) 



s. 



+2 2fc. 



s. 



(3) 



(1) 



2 2k\ 



S, 



2 2fc 



(1) 



(1) 



5(2) 



s. 



-2 fc 



„(3) 



(4) 



(l)l,(3)^ 5.(3) 



«,3 ftg 



.(1);J4)N( _^(4) 
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+2 



On account of the former relation in (|167p . we conclude that (|199p holds (i.e. 
its right-hand side is s-exact) if and only if the constants k'^^^ and kl'^'^ are equal 



(200) 



Based on the last result inserted in (|195p and (|199p , we complete the third step 
of our procedure for constructing S and in fact proving the uniqueness of S: 
we output the general form of the fifth-order deformation of the fully deformed 
solution (|155|) of the master equation associated with the free theory ([T]) 
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^5 + 3^'^ 



2h 



(1) 



.(3) 



(4) 



(2) 



5f) 



(4) 



i,(3) 5(3) 



(1)^ ^(4) 



(3)^ g{^) 



s. 



(201) 



and meanwhile deduce the equation verified by the deformation of the next order 



Sfi — Sr — 4fc. 



(1) 



(3^3 ^ + ^3 ^) 
(2fc«+fcf)5; 



5, 



(3) 



5. 



(1) 



5. 



(2) 



2kl- 



(1) 



(1)l(4) 
3 '^3 



) ^^^^ - ( 



2k 



(1) 



(3)^ ^(3) 



(2) 



u(4) 



/,(1)l(4) 



:(4) 



0(202) 



The solution to this equation is written as 



5fi = 



5, 



(2) 



(1) 



+ 



(2fc, 



(1) 
3 

(1) 
4 



(4)^ c.(4) 



3fc 



3fc, 



(1) fgW 



.(1) 



A,4 

„(3) 



(3)^ ^(3) 



2k, 



(1) 



l(1)/,(3) 



?.(3) 



s*. 



(2) 



2k 



(1) 



(3)^ 



£.(1) 



S. 



(2) 



(1) 

5 



ft,3 «,3 



(4) 



E, (m) 
Kg , 

m—1 



(203) 



with ( 



some arbitrary, real constants, independent so far. Just like in 



the above it can be shown that in fact k^'^ = k^^^ (via establishing a relationship 
between 5*7 and 5*7), etc. 
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Replacing ^5^, ^EB, UM, and (gOTl) (for k^r' = k^'') in ^5^) and re- 
grouping the various terms according to the structure of decompositions (I165|) , 
(fT69l) . (fT74l) . (fT79l) . we finaUy obtain 



s = So + x[i + ki'h' + k^lh^ + ki^h^ + k^^h' + ■ 



^.(3)x3 



(3)\4 



^3 



5f) 



+ + fcf 'A^ + fc^'^A* + fc^^'A" + • • 

l + 2fc«A2 + 2fc«A3+(^2fci^) + (fc(i')^ 

P + kr)x^ + {k[ 



u(4)\3 



(4)^4 



u(4)x5 



+A2 
+A2 



51 

A^ 



(4) 



.(1) 
^4 



(3) 



^3 /tg 



+A2 



1+ fc: 



) A^ + (fcf ) - 



„(4) 



.(3) 



1.(4) 



,(4) 



l(1)^.(4) 



A^ + • • • 



j(4) 



+A^ ( 1 + 3fc^^^2 _^ 3fci^^A^ + •••)( 5. 



(1)n3 



5(1) 



+A3 
+A3 



(2fc« 
(2fc(^) 



AMl+4fc^^'A 



(1)\2 



+A4 

+a4 



3/e. 



(1) 



u(3) 



u(4) 



u(3) 



A^ + 2k 



.(1) 



3fc^^)+fcf 



A2 + i2k 

{si'' + 

A2 + . . . 
A2 + . . . 



.(3) 



,(4) 



5f 



A3 + 



:(2) 



5f ' + • 



{si'' 



S. 



s. 



(3) 
3 

(4) 



s[''] 



s. 



(2)^ 



It is now clear that the last expression can be written as in (|154p (at least in the 
first orders in A) modulo the transformations (|159P " (|16ip . The conclusion of this 
section is that the deformation procedure for action (|153p can be used at proving 
in an elegant manner the uniqueness of eleven-dimensional interactions between 
a graviton and a three-form gauge field prescribed by General Relativity. 



7 Conclusion 

To conclude with, in this paper we have generated the consistent interactions 
in eleven spacetime dimensions that can be added to a free theory describing a 
massless spin-two field and an Abelian three-form gauge field. Our treatment 
is based on the Lagrangian BRST deformation procedure, which relies on the 
construction of consistent deformations of the solution to the master equation 
with the help of standard cohomological techniques. The couplings are obtained 
under the hypotheses of smoothness in the coupling constant, locality, Lorentz 
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covariancc, Poincarc invariancc, and the presence of at most two derivatives in 
the interacting Lagrangian. Our main result is that if we decompose the metric 
hke g,^i, = cr^^ + Xh^^, then we can couple the Abelian three- form gauge field 
to hf^i, in the space of formal scries with the maximum derivative order equal to 
two in /ijui/ such that the resulting interactions agree with the usual couplings 
between the three-form and the massless spin-two field in vielbein formulation. 
Thus, we emphasize the uniqueness of eleven-dimensional interactions between 
a graviton and a three-form gauge field prescribed by General Relativity. We 
cannot stress enough that the cosmological term is not restricted in this con- 
text. Its presence is forbidden only if we add to the present field content other 
particles, such as massless gravitini. 
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